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Re-entrant Disordered Phase in a System of Repulsive Rods on a Bethe-like Lattice
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We solve exactly a model of monodispersed rigid rods of length k with repulsive interactions on
the random locally tree like layered lattice. For k ≥ 4 we show that with increasing density, the
system undergoes two phase transitions: first from a low density disordered phase to an intermediate
density nematic phase and second from the nematic phase to a high density re-entrant disordered
phase. When the coordination number is 4, both the phase transitions are continuous and in the
mean field Ising universality class. For even coordination number larger than 4, the first transition
is discontinuous while the nature of the second transition depends on the rod length k and the
interaction parameters.
PACS numbers: 64.60.Cn, 64.70.mf, 64.60.F-, 05.50.+q
I. INTRODUCTION
A system of long hard rods in three dimensions un-
dergoes a phase transition from a disordered phase with
no orientational order to an orientationally ordered ne-
matic phase as the density of rods is increased beyond
a critical value [1–3], and has applications in the theory
of liquid crystals [4, 5]. In two dimensions, though an
ordered phase that breaks a continuous symmetry is dis-
allowed [6], the system undergoes a Kosterlitz-Thouless
type transition from an isotropic phase with exponential
decay of orientational correlation to a high density crit-
ical phase [7–10]. On two-dimensional lattices, remark-
ably, there are two entropy driven transitions for long
rods: first from a low density disordered (LDD) phase to
an intermediate density nematic phase, and second from
the nematic phase to a high density disordered (HDD)
phase [11]. While the existence of the first transition has
been proved rigorously [12], the second transition has
been demonstrated only numerically [13]. In this paper,
we consider a model of rods interacting via a repulsive
potential on the random locally tree like layered lattice,
and through an exact solution show the existence of two
phase transitions as the density is varied.
We describe the lattice problem in more detail. Rods
occupying k consecutive lattice sites along any lattice
direction will be called k-mers. No two k-mers are al-
lowed to intersect, and all allowed configurations have
the same energy. For dimers (k = 2), it is known that the
system remains disordered at all packing densities [14].
For k ≥ kmin, it was argued that the system of hard
rods would undergo two phase transitions as density is
increased [11]. On both the square and the triangular lat-
tices kmin = 7 [11, 15]. Monte Carlo studies show that
the first transition from LDD phase to nematic phase is
continuous, and is in the Ising universality class for the
square lattice and in the three-state Potts model univer-
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sality class for the triangular lattice [15–19]. The exis-
tence of this transition has been has been proved rigor-
ously for large k [12]. The second transition from nematic
to HDD phase was studied using an efficient algorithm
that ensures equilibration of the system at densities close
to full packing [13, 20]. On the square lattice the second
transition is continuous with effective critical exponents
that are different from the two dimensional Ising expo-
nents, though a crossover to the Ising universality class
at larger length scales could not be ruled out [13]. On
the triangular lattice the second transition is continuous
and the critical exponents are numerically close to those
of the first transition. This raises the question whether
the LDD and HDD phases are same or different.
Is there a solvable model of k-mers that shows two
transitions with increasing density and throws light on
the HDD phase? The hard core k-mer problem was
solved exactly on the random locally tree like layered
lattice (RLTL), a Bethe-like lattice [21]. This lattice was
introduced because a uniform nematic order is unstable
on the more conventional Bethe lattice when the coordi-
nation number is larger than 4. However, on the RLTL,
while a stable nematic phase exists for all even coordina-
tion numbers greater than or equal to four, the second
transition is absent for hard rods [21]. In this paper, we
relax the hard-core constraint and allow k-mers of dif-
ferent orientations to intersect at a lattice site. Weights
u, v, . . . are associated with sites that are occupied by
two, three, . . . k-mers. When the weights are zero, we
recover the hard rod problem. We solve this model on
the RLTL and show that for a range of u, v, . . ., the sys-
tem undergoes two transitions as the density is increased:
first from a LDD phase to a nematic phase and second
from the nematic phase to a HDD phase. For coordina-
tion number q = 4, the two transitions are continuous
and belong to the mean field Ising universality class. For
q ≥ 6, where q is an even integer, while the first transi-
tion is first order, the second transition is first order or
continuous depending on the values of k, u, v, . . . .. In all
cases, it is possible to continuously transform the LDD
phase into the HDD phase in the ρ–interaction parame-
ters phase diagram without crossing any phase boundary,
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FIG. 1. Schematic diagram of the RLTL with N = 6 sites per
layer and coordination number 4. A typical bond configura-
tion between layers m − 1 and m is shown with X bonds in
red (solid) lines and Y bonds in blue (dotted) lines.
showing that the LDD and HDD phases are qualitatively
similar, and hence the HDD phase is a re-entrant LDD
phase.
The rest of the paper is organized as follows. In Sec. II,
we recapitulate the construction of RLTL and formulate
the model of rods on this lattice. In Sec III, we derive
the analytic expression for free energy for fixed density
of horizontal and vertical k-mers on the 4-coordinated
RLTL. It is shown that the system undergoes two con-
tinuous phase transitions for k ≥ 4. In Sec. IV, the free
energy is computed for coordination number q = 6, and
the dependence of the nature of the transition on the dif-
ferent parameters are detailed. Sec. V summarizes the
main results of the paper, and discusses some possible
extensions.
II. THE RLTL AND DEFINITION OF THE
MODEL
The RLTL was introduced in Ref. [21]. In this section,
we recapitulate its construction for coordination num-
ber q = 4. Generalization to larger even values of q is
straightforward. Consider a collection of M layers, each
having N sites. A layer m is connected to its adjacent
layer (m−1) by N bonds of type X and N bonds of type
Y . Each site in the mth layer is connected with exactly
one randomly chosen site in the (m − 1)th layer with a
bond of type X . Similarly bonds of type Y are also con-
nected by random pairing of sites in the two adjacent
layers. Hence, the total number of such possible pairing
between two layers is (N !)2. A typical bond configura-
tion is shown in Fig. 1. For a q-coordinated lattice with
periodic boundary conditions, the total number of differ-
ent possible graphs is (N !)qM/2, and with open bound-
ary conditions there are (N !)q(M−1)/2 different possible
graphs. In the thermodynamic limit, the RLTL contains
few short loops and locally resembles a Bethe lattice.
We consider a system of monodispersed rods of length
k on the RLTL. A k-mer occupies (k − 1) consecutive
bonds of same type. Rods on X (Y ) type of bonds will
be called x-mers (y-mers). Weights eµ1 and eµ2 are asso-
ciated with each x-mer and y-mer, where µ’s are chemi-
cal potentials. Linear rods comprising of k monomers are
placed on the RLTL such that a site can be occupied by
utmost two k-mers. Two k-mers of the same type can not
intersect. A weight u is associated with every site that
is occupied by two k-mers of different type. The limiting
case u = 0 corresponds to the hard core problem. For
even q ≥ 6, a site can be occupied by utmost q/2 k-mers,
each of different type.
Consider the annealed model on RLTL. The average
partition function is
Zav(M,N) =
1
NR
∑
R
ZR(M,N), (1)
where ZR(M,N) is the partition function for a given
bond configuration R and NR is the number of differ-
ent bond configurations on the lattice. In the thermo-
dynamic limit the mean free energy per site is obtained
by
f = − lim
M,N→∞
1
MN
lnZav, (2)
where the temperature and Boltzmann constant have
been set equal to 1.
III. k-MERS ON RLTL WITH COORDINATION
NUMBER 4
In this section, we calculate the free energy of the sys-
tem on the RLTL of coordination number 4 for fixed u
and fixed densities of x-mers and y-mers. The phase di-
agram of the system is obtained by minimizing the free
energy with respect to x-mer and y-mer densities for a
fixed total density.
A. Calculation of Free energy
To calculate the partition function, consider the oper-
ation of adding the mth layer, given the configuration up
to the (m−1)th layer. The number of ways of adding the
mth layer is denoted by Cm. Cm will be a function of the
number of x-mers and y-mers passing through the mth
layer and the number of intersections between x-mers and
y-mers at the mth layer.
Let xm (ym) be the number of x-mers (y-mers) whose
left most sites or heads are in the mth layer. Xm and
Ym are the number of sites in the m
th layer occupied by
x-mers and y-mers respectively, but where the site is not
the head of the k-mer. Clearly,
Xm =
k−1∑
j=1
xm−j , Ym =
k−1∑
j=1
ym−j , 1 ≤ m ≤M, (3)
3with xm = ym = 0, for m ≤ 0. To have all k-mer fully
contained with in the lattice for open boundary condition
we need to impose, xm = ym = 0 for, m ≥M − k + 2.
In a k-mer, let h denote its head or left most site and b
denote the other k − 1 sites. Then, we define Γmij , where
i, j = h, b, to be the number of intersections at the mth
layer between site i of an x-mer and site j of a y-mer.
For instance, Γmhh is the number of sites in the m
th layer,
occupied simultaneously by the heads of an x-mer and a
y-mer.
Given {xm}, {ym} and {Γmij}, the calculation of Cm
reduces to an enumeration problem. The details of the
enumeration are given in appendix A. We obtain
Cm =
N !Xm!Ym!(N −Xm)!(N − Ym)!
(xm − Γmhh − Γmhb)!(ym − Γmhh − Γmbh)!(Xm − Γmbb − Γmbh)!(Ym − Γmbb − Γmhb)!
× 1
N −Xm − Ym − xm − ym + ∑
i,j=b,h
Γmij

! ∏
i,j=b,h
Γmij !
. (4)
The partition function is then the weighted sum of the
product of Cm for different layers:
Zav =
1
(N !)2M
∑
{xm},{ym},{Γmij}∏
m
(
Cme
µ1xmeµ2ymu
∑
ij Γ
m
ij
)
. (5)
where the sum is over all possible number of x-mers, y-
mers and number of doubly occupied sites. Since the
summand is of order exp(NM), for large N,M , we re-
place the summation with the largest summand with neg-
ligible error. For the summand to be maximum with re-
spect to xl, we set:
C({xm + δm,l}, {ym}, {Γmij})eµ1
C({xm}, {ym}, {Γmij})
≈ 1, (6)
where C =
∏
m Cm. Likewise, we can write equations for
each of the variables.
We look for homogeneous solutions such that ρx =
xmk/N , ρy = ymk/N , and γ
m
ij = Γij/N are variables
that are independent of N and have no spatial depen-
dence. Here ρx and ρy are fractions of sites in any layer
that are occupied by x-mers and y-mers respectively. In
terms of these variables, Eq. (6) and the corresponding
one for yj reduce to
(ρx − ρxk )k−1(1− ρ+
∑
ijγij)
k(ρxk −γhh−γhb)−1
(1− ρx + ρxk )k−1(ρx − ρxk − γbb − γbh)k−1
= e−µ1 ,
(7)
and
(ρy − ρyk )k−1(1− ρ+
∑
ijγij)
k(
ρy
k −γhh−γbh)−1
(1− ρy + ρyk )k−1(ρy −
ρy
k − γbb − γhb)k−1
= e−µ2 ,
(8)
where ρ = ρx + ρy is the total density. On maximizing
the summand in Eq. (5) with respect to Γlij , we obtain
[ρx(1− 1k)−γbb−γbh][ρy(1− 1k)−γbb−γhb]
γbb(1− ρ+
∑
ij γij)
=
1
u
, (9a)
(ρxk − γhh − γhb)(
ρy
k − γhh − γbh)
γhh(1− ρ+
∑
ij γij)
=
1
u
, (9b)
(ρxk − γhh − γhb)[ρy(1− 1k )− γbb − γhb]
γhb(1− ρ+
∑
ij γij)
=
1
u
, (9c)
(
ρy
k − γhh − γbh)[ρx(1− 1k )− γbb − γbh]
γbh(1 − ρ+
∑
ij γij)
=
1
u
, (9d)
where i, j = h, b. Equation (9) can easily be solved to
express γbb, γhb and γbh in terms of γhh:
γbb = (k − 1)2γhh, γbh = γhb = (k − 1)γhh, (10)
and γhh satisfies the quadratic equation
γ2hh − γhh
ρ− ρu− 1
k2(1− u) −
uρxρy
k4(1− u) = 0. (11)
From Eq. (5), the free energy is calculated using
Eq. (2). We express the free energy in terms of ρx, ρy
and u as
f(ρx, ρy, u) = −k − 1
k
∑
i
ρi ln ρi −
∑
i
[
1− (k − 1)ρi
k
]
ln
[
1− (k − 1)ρi
k
]
+
∑
i
(ρi − k2γhh) ln(ρi − k2γhh)
+(1− ρ+ k2γhh) ln(1− ρ+ k2γhh)− ρ
k
ln k + k2γhh ln
(
k2γhh
u
)
, (12)
4where γhh is a function of ρx, ρy and u through Eq. (11).
This expression for the free energy is not convex every-
where. The true free energy f¯(ρx, ρy, u) is obtained by
the Maxwell construction such that
f¯(ρx, ρy, u) = CE [f(ρx, ρy, u)] , (13)
where CE denotes the convex envelope. Given total den-
sity ρ, the minimum of free energy determines ρx and
ρy.
B. Two Phase Transitions
To study the phase transitions we define the nematic
order parameter as
ψ =
ρx − ρy
ρ
. (14)
The free energy can then be expressed as a power series
in ψ,
f(ρx, ρy, u) = A0(ρ, u) +A2(ρ, u)ψ
2 +A4(ρ, u)ψ
4 + . . . ,
(15)
where the coefficient A4(ρ, u) > 0. f(ρx, ρy, u) is un-
changed when ψ ↔ −ψ. For small densities, the coeffi-
cient of the quadratic terms A2(ρ, u) is positive and the
free energy has a minimum at ψ = 0 corresponding to
the LDD phase. However for k ≥ 4, if u is smaller than
a critical value uc, then A2(ρ, u) changes sign continu-
ously at a critical density ρc1 and the free energy has
two symmetric minima at ψ 6= 0, corresponding to the
nematic phase. This qualitative change in the behavior
of the free energy for densities close to ρc1 is shown in
Fig. 2. As density is further increased, A2(ρ, u) changes
sign continuously from negative to positive at a second
critical density ρc2, such that the free energy has a min-
imum at ψ = 0, corresponding to the HDD phase. The
dependence of the free energy on ψ for densities close to
ρc2 is similar to that shown in Fig. 2.
The variation of the order parameter ψ with density ρ
is shown in Fig. 3 for different values of u. ψ increases
continuously from zero at ρc1 and decreases continuously
to zero at ρc2. The average number of intersections be-
tween the rods per site, though continuous, also shows
non-analytic behavior at ρc1 and ρc2 (see Fig. 4). The
power series expansion of free energy in Eq. (15) has the
same form as that of a system with scalar order param-
eter that has two broken symmetry phases. Thus, the
two transitions will be in the mean field Ising universal-
ity class. The nematic phase does not exist for k < 4.
The phase diagram in the ρ–u plane is determined by
solving A2(ρ, u) = 0 for ρ and is shown in Fig. 5 for differ-
ent values of k. The difference between the two critical
densities decreases with increasing u. Beyond a maxi-
mum value uc(k), there is no phase transition and the
system remains disordered at all densities. The critical
-0.27
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FIG. 2. Free energy f(ψ) as a function of the order parameter
ψ for ρ ≈ ρc1. The data are for k = 6, u = 0.15, and q = 4.
The curves have been shifted for clarity. The dotted line
denotes the convex envelope.
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FIG. 3. Order parameter ψ as a function of density ρ. For
low and high densities, ψ = 0, while for intermediate densities,
ψ 6= 0. The data are for q = 4 and k = 6.
densities ρc1 and ρc2 may be solved as an expansion in
u. For example, when k = 4,
ρc1 =
2
k − 1 + 2u+ 12u
2 +O(u3), k = 4. (16)
and
ρc2 = 1.13148− 2.38675u− 12.2726u2+O(u3), k = 4.
(17)
It is of interest to determine ρc2 for large k. For the hard
rod problem, it was conjectured that ρc2 ≈ 1 − a/k2,
when k→∞ [11]. For our model, we find,
ρc2 =
−1 + 2k −√−3 + 4k
−1 + k , u→ 0,
= 2− 2√
k
+
1
k
− 5
4k3/2
+
1
k2
+O(k−5/2). (18)
5 0
 0.2
 0.4
 0.6
 0.8
 1.0
 0  0.4  0.8  1.2  1.6  2.0
N
in
ts
ρ
u=0.10
u=0.15
u=0.20
 0.05
 0.1
 0.15
 0.6  0.7  0.8  0.9
N
in
ts
ρ
u=0.20
FIG. 4. Average number of interactions per site, Nints, as
a function of density ρ for different values of u. Inset: The
region between the two critical points is magnified. The data
are for q = 4 and k = 6.
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FIG. 5. Phase diagram when q = 4 for different values of k.
Thus the leading correction is O(1/
√
k), and not
O(1/k2).
uc(k), the largest value of u for which the nematic
phase exists, is determined by solving the equations
A2(ρ, u) = 0 and dA2(ρ, u)/dρ = 0 simultaneously. uc(k)
increases with k (see Fig. 6), and approaches 1 from be-
low as k → ∞. At uc(k) two mean-field Ising critical
lines meet.
IV. k-MERS ON RLTL WITH q = 6
The calculation presented in Sec. III may be extended
to the case when the coordination number q ≥ 6. We
discuss the results when q = 6. In this case, we associate
a weight u (v) to a site occupied by two (three) k-mers
of different type. The calculation of the free energy now
involves many more combinatorial factors than for the
 0
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c
k
FIG. 6. uc, the maximum value of u for which the transitions
exists as a function of k. The data are for q = 4.
case q = 4, but is straightforward. The details of the
calculation may be found in Supplementary material [22].
Let ρx, ρy and ρz be the fraction of sites occupied by
x-mers, y-mers and z-mers respectively. We define the
order parameter to be ψ = (ρx − ρy)/ρ, where we set
ρy = ρz. We find that for u < uc(k) and v < u, the
system undergoes two transitions as for the case q = 4,
at critical densities ρc1 and ρc2.
The three dimensional ρ–u–v phase diagram may be
visualized by studying the phase diagram along three dif-
ferent lines in the u–v plane: v = u2, v = u3 and v = u4.
The free energy, expressed as a power series in ψ, now
has the form
f(ρx, ρy, u, v) = A0(ρ, u, v) +A2(ρ, u, v)ψ
2
+ A3(ρ, u, v)ψ
3 +A4(ρ, u, v)ψ
4 + . . . ,(19)
where A4(ρ, u, v) > 0 and A3(ρ, u, v) is in general non-
zero. At low densities, A2(ρ, u, v) is positive and the
free energy has a global minimum at ψ = 0. With in-
creasing density it develops a second local minimum at
ψ 6= 0. At ρc1 the two minima become degenerate, and
for ρc1 < ρ < ρc2, the free energy has a minimum at
ψ 6= 0, corresponding to the nematic phase. A typical
example is shown in Fig. 7. The order parameter thus
shows a discontinuity at ρc1 and the transition is first
order. In all the cases we have studied, we find that
the first transition from disordered to nematic phase is
discontinuous.
On the other hand, the nature of the second transition
from the nematic to HDD phase depends on the value of
k, u and v. When v = u2, the second transition is first
order for all k. However, when v = u3, the second tran-
sition could be first order or continuous. We find that
for k < 7, the second transition is always first order. For
k = 7, the variation of the order parameter ψ with den-
sity ρ is shown in Fig. 8. Qualitatively similar behavior
is seen for k > 7. The second transition is continuous for
u ≤ u∗(k) and first order for u > u∗(k). The value of
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FIG. 7. Free energy f(ψ) as a function of the order parameter
ψ for ρ ≈ ρc1 when q = 6. The data are for k = 6, v = u
2
and u = 0.15. The dotted lines denote the convex envelopes.
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FIG. 8. Order parameter ψ as a function of density ρ for
different values of u for k = 7, q = 6, and v = u3. The
second transition is first order for u > u∗(k) and continuous
for u ≤ u∗(k). Here u∗(7) ≈ 0.09563.
u∗(k) increases with k. When v = u4, the phenomenol-
ogy is qualitatively similar to that for the case v = u3.
The first order or continuous nature of the second tran-
sition is also reflected in the average number of intersec-
tions. In Fig. 9, we show the variation for the number
of intersections per site with density for k = 7 for two
values of u: one corresponding to a first order and the
other to continuous transition. In addition to ψ, the av-
erage number of intersections between rods per site also
shows a discontinuity when the transition is first order.
This discontinuity vanishes when the transition becomes
continuous.
These observations are summarized in the ρ–u phase
diagram for k = 7 shown in Fig. 10. For v = u3 and
v = u4, a second order line terminates at a tricritical
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FIG. 9. The number of interactions per site, Nints, as a func-
tion of density ρ for two different values of u. The data are
for q = 6, k = 7, and v = u4. Inset: The variation with den-
sity of (a) order parameter ψ, (b) fraction of sites occupied by
two k-mers, and (c) fraction of sites occupied by three k-mers.
Here, u = 0.20.
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FIG. 10. Phase diagram for q = 6 and k = 7 for (a) v = u2,
(b) v = u3, and (c) v = u4. Dotted (solid) lines denotes first
(second) order transitions.
point beyond which the transition becomes first order.
The exponents describing the continuous transitions
may be found from the Landau-type free energy, Eq. (19).
At the first transition A2(ρ, u, v) > 0 and A3(ρ, u, v) < 0.
At the spinodal point A2(ρ, u, v) changes sign to nega-
tive. As density is further increased A2(ρ, u, v) changes
sign back to positive. When this occurs, A3(ρ, u, v) could
be positive or negative. If positive, then the transition
will be continuous. Now the critical exponents are deter-
mined from a Landau free energy functional of the form
A2ψ
2 + A3ψ
3, and hence the critical exponent β = 1,
where ψ ∼ (ρc2−ρ)β as ρ approaches ρc2 from below. At
the tricritical point A3(ρ, u, v) = 0, and the transition is
in the mean field Ising universality class with β = 1/2
710-4
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|ψ|
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u=u
*(7)
u<u*(7)
FIG. 11. The order parameter ψ as the density ρ approaches
the critical density ρc2 for u < u
∗ and at the tricritical point
u = u∗ when k = 7, q = 6 and v = u3. The solid lines are
power laws (a) (ρc2 − ρ)
1/2 and (b) (ρc2 − ρ).
(see Fig. 11).
V. SUMMARY AND DISCUSSION
In this paper, we studied the problem of monodis-
persed long rigid rods on the RLTL, a Bethe-like lattice
where rods of different orientations are allowed to inter-
sect with weight u, v, . . . depending on whether a site is
occupied by two, three, . . . k-mers. We showed that the
system undergoes two phase transitions with increasing
density for k ≥ kmin and appropriate choice of interac-
tion parameters. For coordination number q = 4, the two
transitions are continuous and in the mean field Ising uni-
versality class. For q = 6, while the first transition is first
order, the nature of the second transition depends on the
values k, u and v, giving rise to a rich phase diagram. To
the best of our knowledge, it is the only solvable model
on interacting rods that shows two phase transitions.
The limit u → 0 is different from u = 0 (the hard
rod problem). When u = 0, the second transition in
absent [21]. When u, v > 0, the fully packed phase is dis-
ordered by construction and if the first phase transition
exists, so does a second phase transition. The relaxation
of the restriction that only rods of different orientations
may intersect at a lattice site does not change the qual-
itative behavior of the system as the high density phase
remains disordered. There are still two transitions, both
in the mean field Ising universality class (when q = 4).
However, the solution becomes more cumbersome.
Similarly when q = 6, the limit v → 0 is different from
v = 0 when u > 0. When v = 0, a lattice site may
occupied by utmost two k-mers of different type. In this
case, the fully packed phase is not necessarily disordered
and for certain values of k and u, only one transition is
present for increasing density.
For hard rods on the square lattice, Monte Carlo simu-
lations were unable to give a clear answer to the question
whether the HDD and LDD phases are qualitatively sim-
ilar or not [13]. It was argued that the HDD phase has
a large crossover length scale ξ∗ ∼ 1500, and for length
scales larger than ξ∗ it is possible that the HDD phase is
not qualitatively different from the LDD phase. This was
based on the evidence that vacancies in the HDD phase
do not form a bound state. In this paper, by expand-
ing the phase diagram from a one-dimensional ρ phase
diagram to a multi-dimensional ρ–interaction parame-
ters phase diagram, we showed that it is always possible
to continuously transform the LDD phase into the HDD
phase without crossing any phase boundary. This means
that the LDD and HDD phases are qualitatively similar,
at least for the model on RLTL. It would thus be worth-
while to simulate the hard rods problem on the square
lattice for system sizes larger than 1500 and verify the
same.
It would also be possible to study the problem with
repulsive interactions on the square lattice. The algo-
rithm presented in Refs. [13, 20] is generalizable to the
case when intersections are allowed. Confirming whether
the qualitative behavior is similar to that seen for RLTL
would be interesting. Measuring the exponents for the
second transition might be easier for such a model as
the critical density would be away from the fully packed
limit.
For the RLTL with coordination number q = 4, we
showed that for large k, ρc2 ≈ 2− a/
√
k +O(k−1). This
is at variance from the prediction from entropy based
arguments for the hard rod problem that ρc2 approaches
1 as k−2 [11]. It would be interesting to resolve this
discrepancy.
The RLTL is suitable for studying problems that show
orientational order. Polydispersed systems can show
multiple phases [23, 24]. Its solution on the RLTL would
make rigorous some of the qualitative features of the
problem. This is a promising area for future study.
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Appendix A: Calculation of Cm for q = 4
In this appendix, we derive the expression for Cm in
Eq. (4). Cm is the total number of ways of connecting the
bonds from the (m−1)th layer to themth layer consistent
with the number of x-mers, y-mers, and intersections at
the mth layer.
In the (m − 1)th layer, there are Xm and Ym sites
occupied by x-mers and y-mers that extend to the mth
layer. These Xm bonds of type X can be connected to
8Xm different sites in the m
th layer in
N !
(N −Xm)!
ways. Among the Ym bonds of type Y , Γ
m
bb of them are
connected to sites occupied by an x-mer and the remain-
ing Ym − Γmbb bonds are connected to empty sites in the
mth layer. The number of ways of connecting is
Ym!Xm!
Γmbb!(Y − Γmbb)!(Xm − Γmbb)!
× (N −Xm)!
(N −Xm − Ym + Γmbb)!
.
Now connect the remaining (N − Xm) free bonds of
type X and (N − Ym) free bonds of type Y to sites in
layer m that are not occupied by x-mers and y-mers re-
spectively. This can be done in
(N −Xm)!(N − Ym)!
ways.
We have to now assign sites to xm and ym heads in
layer m. Out of xm (ym) heads, Γ
m
hb (Γ
m
bh) of them will
be on sites already occupied by only a y-mer (x-mer).
The number of ways of doing this is
(Xm − Γmbb)!
Γmbh!(Xm − Γmbb − Γmbh)!
× (Ym − Γ
m
bb)!
Γmhb!(Ym − Γmbb − Γmhb)!
.
There are (N −Xm − Ym + Γmbb) sites in the mth layer
which are unoccupied so far. They can be divided into
four groups: Γmhh sites, each occupied by the heads of an
x-mer and a y-mer, (xm − Γmhh − Γmhb) sites occupied by
only a head of an x-mer, (ym−Γmhh−Γmbh) sites occupied
by only a head of a y-mer, and (N − Xm − Ym − xm −
ym +
∑
ij Γ
m
ij ) unoccupied sites. The number of ways of
arranging them is:
(N −Xm − Ym + Γmbb)!
Γmhh!(xm − Γmhh − Γmhb)!(ym − Γmhh − Γmbh)!
× 1
(N −Xm − Ym − xm − ym +
∑
ij Γ
m
ij )!
.
The product of all these factors gives Cm as given in
Eq. (4).
[1] L. Onsager, Ann. N.Y. Acad. Sci. 51, 627 (1949).
[2] P. J. Flory, Proc. R. Soc. 234, 60 (1956).
[3] R. Zwanzig, J. Chem. Phys. 39, 1714 (1963).
[4] G. J. Vroege and H. N. W. Lekkerkerker, Rep. Prog.
Phys. 55, 1241 (1992).
[5] P. G. de Gennes and J. Prost, The Physics of Liquid
Crystals (Oxford University Press, Oxford, 1993).
[6] N. D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133
(1966).
[7] J. P. Straley, Phys. Rev. A 4, 675 (1971).
[8] D. Frenkel and R. Eppenga, Phys. Rev. A 31, 1776
(1985).
[9] M. D. Khandkar and M. Barma, Phys. Rev. E 72, 051717
(2005).
[10] R. L. C. Vink, Euro. Phys. J. B 72, 225 (2009).
[11] A. Ghosh and D. Dhar, Euro. Phys. Lett. 78, 20003
(2007).
[12] M. Disertori and A. Giuliani, arXiv:1112.5564, to appear
on Comm. Math. Phys. (2013).
[13] J. Kundu, R. Rajesh, D. Dhar, and J. F. Stilck, Phys.
Rev. E 87, 032103 (2013).
[14] O. J. Heilmann and E. Lieb, Commun. Math. Phys. 25,
190 (1972).
[15] D. A. Matoz-Fernandez, D. H. Linares, and A. J.
Ramirez-Pastor, J. Chem. Phys. 128, 214902 (2008).
[16] D. A. Matoz-Fernandez, D. H. Linares, and A. J.
Ramirez-Pastor, Euro. Phys. Lett 82, 50007 (2008).
[17] D. A. Matoz-Fernandez, D. H. Linares, and A. J.
Ramirez-Pastor, Physica A 387, 6513 (2008).
[18] D. H. Linares, F. Roma´, and A. J. Ramirez-Pastor, J.
Stat. Mech. , P03013 (2008).
[19] T. Fischer and R. L. C. . Vink, Euro. Phys. Lett. 85,
56003 (2009).
[20] J. Kundu, R. Rajesh, D. Dhar, and J. F. Stilck, AIP
Conf. Proc. 1447, 113 (2012).
[21] D. Dhar, R. Rajesh, and J. F. Stilck, Phys. Rev. E 84,
011140 (2011).
[22] see Supplementary Material
[23] A. Speranza and P. Sollich, Phys. Rev. E 67, 061702
(2003).
[24] M. Fasolo and P. Sollich, Phys. Rev. Lett. 91, 068301
(2003).
ar
X
iv
:1
30
6.
13
85
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  6
 Ju
n 2
01
3
Supplementary Information for Re-entrant Disordered Phase in a
System of Repulsive Rods on a Bethe-like Lattice
Joyjit Kundu and R. Rajesh
1
I. CALCULATION OF FREE ENERGY FOR COORDINATION NUMBER q = 6
The combinatorial factor Cm for q = 6 may be obtained by following the same steps as in
the case q = 4. For q = 6 a site can be occupied by utmost three k-mers of different types.
Let Γpqnl be the total number of intersections at the m
th layer between site n of a k-mer of
type p and site l of a k-mer of type q. Γpqrnlm denotes the total number of sites at the m
th
layer shared by site n of a k-mer of type p, site l of a k-mer of type q and site m of a k-mer
of type r. Here p, q and r can be x, y or z. n, l and m can be h or b depending on whether
the site is the head or part of the body of the k-mer. We omit the layer index m from Γ for
notational simplicity. In addition to Xm and Ym defined in Eq. (3) of the paper, we define
Zm =
k−1∑
j=1
zm−j ,
as the number of sites at the mth layer occupied by z-mers, extended from (m− 1)th layer.
Let eµ3 be the weight associated with a z-mer. Xm number of x-mers from (m− 1)
th layer
are connected to the Xm sites of m
th layer through X type bonds in
N !
(N −Xm)!
ways. After connecting the x-mers, we connect y-mers between mth and (m − 1)th layer.
Among the Ym number of y-mers, Γ¯
xy
bb of them are connected to the sites at the m
th layer,
which are already occupied by x-mers. Later on while connecting z-mers, some of the sites
among Γ¯xybb sites might be occupied by z mers also. Thus we have Γ¯
xy
bb = Γ
xy
bb + Γ
xyz
bbb + Γ
zxy
hbb .
Remaining (Ym − Γ¯
xy
bb ) sites are connected to the empty sites of the m
th layer. The number
of ways of doing this is
Ym!Xm!
Γ¯xybb !(Ym − Γ¯
xy
bb )!(Xm − Γ¯
xy
bb )!
×
(N −Xm)!
(N −Xm − Ym + Γ¯
xy
bb )!
.
Now we connect the z mers. Γ¯xzbb and Γ¯
yz
bb number of z-mers from (m−1)
th layer are connected
with the sites at the mth layer which are occupied by x-mers and y-mers respectively. Here
Γ¯xzbb = Γ
xz
bb + Γ
yxz
hbb and similarly, Γ¯
yz
bb = Γ
yz
bb + Γ
xyz
hbb . Γ
xyz
bbb number of z-mers are connected to
the sites which are already simultaneously shared by x-mers and y-mers at the mth layer.
Rest of the (Zm− Γ¯
xz
bb − Γ¯
yz
bb −Γ
xyz
bbb ) number of z-mers are connected to the remaining empty
2
sites of the mth layer. The number of ways of connecting them is
Zm!
Γ¯xzbb !(Zm − Γ¯
xz
bb )!
×
(Xm − Γ¯
xy
bb )!
(Xm − Γ¯
xy
bb − Γ¯
xz
bb )!
(Zm − Γ¯
xz
bb )!
Γ¯yzbb !(Zm − Γ¯
xz
bb − Γ¯
yz
bb )!
×
(Ym − Γ¯
xy
bb )!
(Ym − Γ¯
xy
bb − Γ¯
yz
bb )!
×
(Zm − Γ¯
xz
bb − Γ¯
yz
bb )!
Γxyzbbb !(Zm − Γ¯
xz
bb − Γ¯
yz
bb − Γ
xyz
bbb )!
×
Γ¯xybb !
(Γ¯xybb − Γ
xyz
bbb )!
×
(N −Xm − Ym + Γ¯
xy
bb )!
(N −Xm − Ym − Zm + Γ¯
xy
bb + Γ¯
yz
bb + Γ¯
xz
bb + Γ
xyz
bbb )!
.
We can connect (N−Xm), (N−Ym) and (N−Zm) free bonds of typeX , Y and Z respectively
to the empty sites at the mth layer in
(N −Xm)!(N − Ym)!(N − Zm)!
ways. Now we consider the k-mers, starting from the sites at the mth layer which already
occupied by the k-mers extended from the previous layer. Number of ways of choosing
the heads of the k-mers at the mth layer from the sites which are already occupied by two
different k-mers is given by,
Γ¯yzbb !
Γxyzhbb !(Γ¯
yz
bb − Γ
xyz
hbb )!
×
Γ¯xzbb !
Γyxzhbb !(Γ¯
xz
bb − Γ
yxz
hbb )!
×
(Γ¯xybb − Γ
xyz
bbb )!
Γzxyhbb !(Γ¯
xy
bb − Γ
xyz
bbb − Γ
zxy
hbb )!
.
Similarly two k-mers may start from the same site. We can choose such pairs of heads at
the mth layer from the sites having single k-mers passing through them in
(Zm − Γ¯
xz
bb − Γ¯
yz
bb − Γ
xyz
bbb )!)
Γxyzhhb!(Zm − Γ¯
xz
bb − Γ¯
yz
bb − Γ
xyz
bbb − Γ
xyz
hhb)!
×
(Ym − Γ¯
xy
bb − Γ¯
yz
bb )!
Γxzyhhb!(Ym − Γ¯
xy
bb − Γ¯
yz
bb − Γ
xzy
hhb)!
×
(Xm − Γ¯
xy
bb − Γ¯
xz
bb )!
Γyzxhhb!(Xm − Γ¯
xy
bb − Γ¯
xz
bb − Γ
yzx
hhb)!
ways. The total number of x-mers, y-mers and z-mers starting from the mth layer are xm,
ym and zm respectively. Number of ways of starting k-mers from the sites, already occupied
by single k-mers at the mth layer is,
(Ym − Γ¯
xy
bb − Γ¯
yz
bb − Γ
xzy
hhb)!
Γxyhb !(Ym − Γ¯
xy
bb − Γ¯
yz
bb − Γ
xzy
hhb − Γ
xy
hb)!
×
(Zm − Γ¯
xz
bb − Γ¯
yz
bb − Γ
xyz
hhb − Γ
xyz
bbb )!
Γxzhb!(Zm − Γ¯
xz
bb − Γ¯
yz
bb − Γ
xyz
hhb − Γ
xyz
bbb − Γ
xz
hb)!
×
(Xm − Γ¯
xy
bb − Γ¯
xz
bb − Γ
yzx
hhb)!
Γyxhb !(Xm − Γ¯
xy
bb − Γ¯
xz
bb − Γ
yzx
hhb − Γ
yx
hb)!
×
(Zm − Γ¯
xz
bb − Γ¯
yz
bb − Γ
xyz
hhb − Γ
xyz
bbb − Γ
xz
hb)!
Γyzhb!(Zm − Γ¯
xz
bb − Γ¯
yz
bb − Γ
xyz
hhb − Γ
xyz
bbb − Γ
xz
hb − Γ
yz
hb)!
×
(Xm − Γ¯
xy
bb − Γ¯
xz
bb − Γ
yzx
hhb − Γ
yx
hb)!
Γzxhb !(Xm − Γ¯
xy
bb − Γ¯
xz
bb − Γ
yzx
hhb − Γ
yx
hb − Γ
zx
hb)!
×
(Ym − Γ¯
xy
bb − Γ¯
yz
bb − Γ
xzy
hhb − Γ
xy
hb)!
Γzyhb!(Ym − Γ¯
xy
bb − Γ¯
yz
bb − Γ
xzy
hhb − Γ
xy
hb − Γ
zy
hb)!
.
3
There are (N−Xm−Ym−Zm+Γ¯
xy
bb +Γ¯
xz
bb +Γ¯
yz
bb +Γ
xyz
bbb ) unoccupied sites so far at the m
th
layer. They can be divided into four groups: sites shared simultaneously by two heads of
different types of k-mers, sites occupied by three heads of the k-mers of different types, sites
from which single k-mers start, and fully empty sites. Number of ways to arrange them is,
(N −Xm − Ym − Zm + Γ¯
xy
bb + Γ¯
xz
bb + Γ¯
yz
bb + Γ
xyz
bbb )!
Γxyhh!Γ
xz
hh!Γ
yz
hh!Γ
xyz
hhh!Nem!(xm − Γ
xy
hh − Γ
xz
hh − Γ
xy
hb − Γ
xz
hb − Γ
xyz
hhb − Γ
xzy
hhb − Γ
xyz
hbb − Γ
xyz
hhh)!
×
1
(ym − Γ
xy
hh − Γ
yz
hh − Γ
yx
hb − Γ
yz
hb − Γ
xyz
hhb − Γ
yzx
hhb − Γ
yxz
hbb − Γ
xyz
hhh)!
×
1
(zm − Γ
yz
hh − Γ
xz
hh − Γ
zx
hb − Γ
zy
hb − Γ
xzy
hhb − Γ
yzx
hhb − Γ
zxy
hbb − Γ
xyz
hhh)!
,
where,
Nem = N −Xm − xm − Ym − ym − Zm − zm +
1
2
∑
i,j,i 6=j
[
Γijhh + Γ¯
ij
bb + 2Γ
ij
hb
]
+ Γxyzbbb + 2 [Γ
xyz
hhb + Γ
xzy
hhb + Γ
yzx
hhb + Γ
xyz
hhh] + Γ
xyz
hbb + Γ
yxz
hbb + Γ
zxy
hbb .
[Γ¯ijbb] and [Γ
ij
hh] are symmetric in i and j, but [Γ
ij
hb] is not. Multiplying all these factors
and writing Γ¯ in terms of Γ we obtain Cm for q = 6. Define homogeneous, N -independent
variables: γijnl = Γ
ij
nl/N , γ
ijk
nlm = Γ
ijk
nlm/N , ρx = xmk/N , ρy = ymk/N and ρz = zmk/N .
Define,
F = ρx −
ρx
k
− γxybb − γ
xz
bb − γ
yx
hb − γ
zx
hb − γ
zxy
hbb − γ
yxz
hbb − γ
yzx
hhb − γ
xyz
bbb ,
G = ρy −
ρy
k
− γxybb − γ
yz
bb − γ
xy
hb − γ
zy
hb − γ
zxy
hbb − γ
xyz
hbb − γ
xzy
hhb − γ
xyz
bbb ,
W = ρz −
ρz
k
− γxzbb − γ
yz
bb − γ
xz
hb − γ
yz
hb − γ
yxz
hbb − γ
xyz
hbb − γ
xyz
hhb − γ
xyz
bbb ,
f =
ρx
k
− γxyhh − γ
xz
hh − γ
xy
hb − γ
xz
hb − γ
xyz
hbb − γ
xyz
hhb − γ
xzy
hhb − γ
xyz
hhh,
g =
ρy
k
− γxyhh − γ
yz
hh − γ
yx
hb − γ
yz
hb − γ
yxz
hbb − γ
xyz
hhb − γ
yzx
hhb − γ
xyz
hhh,
w =
ρz
k
− γxzhh − γ
yz
hh − γ
zy
hb − γ
zx
hb − γ
zxy
hbb − γ
xzy
hhb − γ
yzx
hhb − γ
xyz
hhh,
D = 1− ρ+
1
2
∑
i 6=j
[
γijbb + γ
ij
hh + 2γ
ij
hb
]
+ 2 [γxyzbbb + γ
xyz
hhh + γ
xyz
hbb + γ
yxz
hbb
+ γzxyhbb + γ
xyz
hhb + γ
xzy
hhb + γ
yzx
hhb ] .
γ′s satisfy the following equations obtained by the maximizing the summand of the partition
4
function with respect to the interaction parameters {Γ}:
FG
γxybb D
=
1
u
,
GW
γyzbbD
=
1
u
,
FW
γxzbb D
=
1
u
,
fg
γxyhhD
=
1
u
,
gw
γyzhhD
=
1
u
,
fw
γxzhhD
=
1
u
,
fG
γxyhbD
=
1
u
,
gF
γyxhbD
=
1
u
,
gW
γyzhbD
=
1
u
,
wG
γzyhbD
=
1
u
,
fW
γxzhbD
=
1
u
,
wF
γzxhbD
=
1
u
,
fgw
γxyzhhhD
2
=
1
v
,
FGW
γxyzbbb D
2
=
1
v
,
fgW
γxyzhhbD
2
=
1
v
,
fwG
γxzyhhbD
2
=
1
v
,
gwF
γyzxhhbD
2
=
1
v
,
wFG
γzxyhbbD
2
=
1
v
,
gFW
γyxzhbbD
2
=
1
v
,
fGW
γxyzhbbD
2
=
1
v
.
Simplifying the above equations we obtain γijbb = (k − 1)
2γijhh, γ
ij
hb = γ
ji
hb = (k − 1)γ
ij
hh,
γijkbbb = (k − 1)
3γijkhhh, γ
ijk
hbb = (k − 1)
2γijkhhh and γ
ijk
hhb = (k − 1)γ
ijk
hhh. F , G, W , f , g, w, D are
simplified using the above relations. Using these relations and setting ρy = ρz and hence
γxyhh = γ
xz
hh, we reduce the number of independent equations for {γ}, given by,
fg =
Dγxyhh
u
, (1)
gw =
Dγyzhh
u
, (2)
fgw =
γxyzhhhD
2
v
. (3)
We solve these three simultaneous equations to estimate the free energy. Maximizing the
summand of the partition function with respect to xl, yl and zl for q = 6 and we obtain,[
ρx −
ρx
k
]k−1
[1− ρ+ k2(γxyhh + γ
xz
hh + γ
yz
hh) + 2k
3γxyzhhh]
k
eµ1[
1−ρx+
ρx
k
]k−1
[k − 1]k−1
[
ρx
k
− kγxyhh − kγ
xz
hh − k
2γxyzhhh
]k = 1, (4)
[
ρy −
ρy
k
]k−1
[1− ρ+ k2(γxyhh + γ
xz
hh + γ
yz
hh) + 2k
3γxyzhhh]
k
eµ2[
1−ρy+
ρy
k
]k−1
[k − 1]k−1
[ρy
k
− kγxyhh − kγ
yz
hh − k
2γxyzhhh
]k = 1, (5)
[
ρz −
ρz
k
]k−1
[1− ρ+ k2(γxyhh + γ
xz
hh + γ
yz
hh) + 2k
3γxyzhhh]
k
eµ3[
1−ρz+
ρz
k
]k−1
[k − 1]k−1
[
ρz
k
− kγxzhh − kγ
yz
hh − k
2γxyzhhh
]k = 1. (6)
The expression of free energy for q = 6, in terms of uniform, N -independent variables for a
fixed u and v is given by,
f(ρx, ρy, ρz, u) = −
k − 1
k
q/2∑
i=1
ρi ln ρi −
q/2∑
i=1
[
1−
(k − 1)ρi
k
]
ln
[
1−
(k − 1)ρi
k
]
+
q/2∑
i=1
[
ρi − k
2
∑
j=1,j 6=i
γijhh − k
3γhhh
]
ln

ρi − k2 q/2∑
j=1,j 6=i
γijhh − k
3γhhh


+

1− ρ+ k2
2
q/2∑
i,j=1,i 6=j
γijhh + 2k
3γhhh


ln

1− ρ+ k2
2
q/2∑
i,j=1,i 6=j
γijhh + 2k
3γhhh


−
ρ
k
ln k +
k2
2
q/2∑
i,j,i 6=j
γijhh ln
(
k2γijhh
u
)
+ k3γhhh ln
(
k3γhhh
v
)
. (7)
For notational simplicity we have dropped the upper indices of γ123hhh.
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